Abstract. Wave propagation in disordered media can be strongly modified by multiple scattering and wave interference. Ultimately the so-called Anderson-localized regime is reached when the waves become strongly confined in space. So far, Anderson localization of light has been probed in transmission experiments by measuring the intensity of an external light source after propagation through a disordered medium. However, discriminating between Anderson localization and losses in these experiments remains a major challenge. Here we present an alternative approach where we use quantum emitters embedded in disordered photonic crystal waveguides as light sources. Anderson-localized modes are efficiently excited and the analysis of the photoluminescence spectra allows to explore their statistical properties paving a way for controlling Anderson localization in disordered photonic crystals.
Introduction
Wave propagation through a disordered system is usually described as a random walk [1] where interference effects can be ignored after performing an ensemble average over all configurations of disorder. However, if multiple scattering is very pronounced this approximation fails and wave interference may survive the ensemble averaging leading to a very different regime where the wave becomes localized in space [2] , as experimentally demonstrated with light [3, 4] , matter [5] , and acoustic waves [6] . In this so-called Anderson-localized regime the intensity of a light wave for a single realization of disorder exhibits very large spatial fluctuations whereas the ensemble-averaged intensity decays exponentially from the light source on a characteristic length scale called the localization length, ξ. Confirming Anderson localization experimentally remains a major challenge since any optical loss in the system, such as absorption or scattering out of the structure, also results in an exponential decay of the intensity profile with an average loss length, l. In most experimental situations both effects are simultaneously present and this problem can be circumvented by analyzing the fluctuations of the transmitted light intensity [3, 6] . A drawback of this approach, however, is that in transmission experiments only a fraction of the confined modes are excited, i.e. the ones that have non-vanishing amplitudes at the sample surface [7] , thus imposing a limitation on a detailed statistical analysis of Anderson localization.
In this paper, we present a new approach to efficiently excite Anderson-localized modes by employing the light emission from quantum dots (QDs) embedded in disordered photonic crystal waveguides. We record the spatial and spectral intensity fluctuations of the Anderson-localized modes and by analyzing the quality (Q) factor distributions of the modes we extract important information about the localization length and average loss length. Based on this analysis we demonstrate that the localization length can be tuned by controlling the degree of disorder of the sample. In an extension of the theory, we show that losses in disordered photonic crystal waveguides are distributed as well. The use of embedded light sources to characterize Anderson localization is expected to open a new route in the research direction within of multiple scattering with possible applications for random lasers [8] and to enhance the lightmatter interaction [9] .
Experimental method
We investigate photonic crystals consisting of a triangular periodic lattice of air holes etched in a GaAs membrane containing a layer of self-assembled InAs QDs in the center with a density of ≈ 80 µm −2 . The periodic modulation of the refractive index opens a frequency band gap where the in-plane propagation of light is strongly inhibited [10] . A W1 waveguide is created by omitting a row of holes (see Fig. 1(a) ). The height of the membrane is 150 nm, the lattice constant is a = 260 nm, the hole radius is r = 78 nm, and we investigate various samples all with length L = 100 µm. Light propagation in a photonic crystal waveguide is effectively one-dimensional (1D) since the 2D band gap efficiently confines light in the plane of the waveguide, and total internal reflection suppresses out-of-plane radiation. Disorder is induced by randomly varying the hole positions in the first three rows on each side of the waveguide with a Gaussian distribution with standard deviations varying between δ = 0 % and 6 % in units of the lattice constant a. These perturbations provoke multiple scattering of light in the waveguide resulting in Anderson localization [11] when ξ becomes smaller than the sample length, L [12] . We note that the underlying structure in the absence of disorder (i.e. an ideal photonic crystal waveguide) is strongly dispersive giving rise to a modified local density of optical states (DOS), which has been employed for an efficient single-photon source [13] . This modified DOS, however, prevails in the presence of a moderate amount of disorder, which is the situation in the present experiment. This allows studying an interesting interplay between order and disorder where Anderson localization may occur close to the photonic band edge of disordered photonic crystals, as proposed theoretically in a founding work of photonic bandgap materials [14] . As a is collected from the top of the waveguide using a confocal microscope setup. Two loss lengths characterize the transport in the photonic crystal waveguide, i.e. the localization length ξ and the out-of-plane loss length l (not to scale). (b), Photoluminescence spectra collected while scanning the excitation and collection objective along a disordered photonic crystal waveguide with δ = 3 % disorder. Different modes are illustrated by different color gradients. The linewidth of a spectral resonance mode is ∆λ, and z m defines the spatial extension of a mode. (c), Finitedifference time-domain simulation of the intensity distribution of an Anderson-localized mode in a disordered photonic crystal waveguide (δ = 3%) in the high density of states regime. The intensity is plotted on top of the simulated structure shown in black (GaAs) and white (air).
consequence, a disorder parameter such as the localization length can be controlled to a certain degree by exploiting the underlaying dispersion of the photonic band structure.
The samples are probed using a confocal micro-photoluminescence setup for exciting an ensemble of QDs within a diffraction limited region along the waveguide, see Fig. 1(a) . The emitted light is collected with a microscope objective with a numerical aperture of 0.65. The samples are placed in a Helium flow cryostat and cooled down to a temperature of T = 10 K. By using a high excitation power density of P = 2 kW/cm 2 the QD emission is saturated enabling efficient excitation of Anderson-localized modes over a spectral range of λ = 950±50 nm. The photoluminescence is sent to a spectrometer with 50 pm resolution and measured on a CCD camera. The sample position is controlled with stages providing a spatial resolution of 0.3 µm. Spatially confined and spectrally separated resonances are clearly visible in the photoluminescence spectra collected at different positions z along the waveguide (Fig. 1(b) ). Neighboring peaks appearing along the waveguide and characterized by the sample central wavelength, λ, and linewidth, ∆λ, are attributed to the same Anderson-localized mode and plotted in Fig. 1(b) with the same color. Finite-difference time-domain simulations support the existence of localized modes. Figure 1 (c) displays the calculated intensity at a fixed wavelength showing that light is strongly confined along the waveguide due to the process of multiple scattering. A thorough numerical investigation of Anderson-localized modes in disordered photonic crystal waveguides can be found in Ref. [15] .
Quality factor distribution of Anderson-localized modes
Multiple scattering of light is described by a statistical process. As a consequence all characteristic parameters of Anderson-localized modes, i.e. the Q factor or the spatial extent, are distributed and only statistical parameters such as the average or the variance can be predicted. In this section we analyze the distributions of Q factors of the Anderson-localized modes and relate them to the underlying characteristic parameters, i.e., the localization length and the loss length distributions. We observe more than 100 spatially and spectrally distributed Anderson-localized modes in each photonic crystal waveguide (Fig. 2b) at wavelengths in the region of a high DOS, where the extinction length is the shortest [7] . The Q factor of the modes, Q = λ/∆λ, is extracted from the intensity spectra collected along the waveguide by fitting the resonances with lorentzians [16] . Since the narrowest Q factors are influenced by resolution of the spectrometer, all experimental spectra are first deconvoluted with the measured instrument response function. The Q factors that are attributed to the same mode are only counted once. We observe in Fig. 2 (a) that Anderson localization gives rise to a very broad distribution of Q factors ranging from Q = 200 to Q = 10, 000 and notably that the average Q decreases with the amount of introduced disorder. Interestingly the highest Q factors we observe in the Anderson-localized cavities are not far from the values obtained with state-of-the-art engineered nano-cavities with low density of QDs [17] despite the fact that our QD density is relatively high. This observation already shows the promising potential of Anderson localization for cavity QED.
Two physical processes contribute to the Q factor of an Anderson-localized mode: light leakage out of the ends of the waveguide due to the finite size of the structure (quality factor Q 0 ) and out-of-plane scattering loss (average quality factor Q l ). We have:
l , where Q 0 for 1D multiple scattering is a log-normal distribution determined by the universal parameter ξ/L [18, 19] . The out-of-plane light leakage will in general be distributed, i.e. Q l will depend on the individual configuration of disorder [15] . In the most simple approximation we will assume that only a single average loss length l characterizes the system and have Q l = n π λ l [20] where n = 3.44 is the refractive index of GaAs. Note that we will go beyond this simple approximation later in the analysis. The light losses are expected to increase with δ since scattering perturbs the wave vector such that part of the light in the waveguide will have a too small in-plane wave vector component to be trapped by total internal reflection. This mechanism suppresses long scattering paths implying that the Q factor distributions P (Q) are truncated, see Fig. 2(a) . The width and mean value of the observed Q factor distributions is determined by the scaled localization length ξ/L, and a wide distribution means a small localization length and vice versa. Furthermore, the highest achievable Q is limited by the loss length l.
In the following a detailed analysis of the experimental Q factor distributions is presented allowing to estimate ξ and l. We can express P (Q) by the log-normal probability distribution of the in-plane Q factors, P (Q 0 ) [19] that is modified due to the presence of out-of-plane scattering:
where the Heaviside step function, Θ, imposes an upper limit Q l on the distribution. After evaluating Eq.
(1) we obtain the conditional likelihood that a 1D disordered medium with a certain localization length ξ and average loss length l supports an Anderson-localized mode with quality factor Q i
where µ = (5. (2) is a log-normal distribution characterized by the parameters s and µ that are related to the localization length via a power law. The explicit expressions for s and µ were obtained by calculating the in-plane Q factors of Anderson-localized modes in a 1D disordered medium that is composed of a stack of layers with randomly varying real parts of the refractive index. We note that all physical observables in a lossy 1D random medium are determined by the universal parameters ξ/L and l/λ, i.e. the microscopic details of the medium are indifferent. Therefore, since light propagation in a photonic crystal waveguide is 1D, the stack of randomly varying dieletric layers is an adequate model that is parameterized by the two universal quantities. This model can subsequently be employed to extract the two universal parameters from the experimental data, as will be explained in detail below. We stress that calculations of the actual values of ξ/L and l/λ would require full 3D numerical simulations including an appropriate ensemble average over configurations of disorder [21] . We obtain the distribution P (Q 0 ) by ensemble averaging over eight million different realizations of disorder using an average refractive index of each layer of n = 3.44 (refractive index of GaAs), a thickness of L p = 10 nm and the sample length of L = 100 µm. The refractive index is randomly varied by applying a flat distribution within n ± ∆n, where ∆n = (0.22 ± 0.03)(ξ/L) −0.55±0.01 . This functional form is obtained after calculating the ensemble-averaged transmission through the stacked layers depending on the sample length, i.e. ln T (L) = −L/ξ and for different ∆n. It is evident from Eq. (2) that the localization length and the loss length contribute differently to the distribution of Q factors. Experimentally recording the distribution of Q factors therefore enables distinguishing the localization from loss, which is not a priori possible for standard transmission measurements. Since the measured Q factors, Q m i , have experimental uncertainty, the resultant probability distribution will not be abruptly truncated at Q l and we account for this uncertainty by convoluting
Assuming that the individual probabilities p(Q m i |ξ, l) are independent, the combined probability of measuring a set of N individual Q factors, {Q} = {Q
. In order to estimate the localization length and loss length for a specific set {Q} we calculate the inverted conditional probability using the Bayesian theorem [22] where P ({Q}) is a normalization factor. These expressions can be compared to our experimental data of the distribution of Q factors. In Fig. 2 (a) the theoretical Q factor distributions of the form in Eq. (3) that give rise to the largest probability P (ξ, l|{Q}) are plotted and a general good agreement between experiment and theory is observed for all degrees of disorder. Equation (4) is a very useful relation since it can be used to extract the localization length and average loss length from the measured Q factor distributions. The dependence of the conditional probability on ξ and l is shown in Fig. 3(a) . We only observe large values of P (ξ, l|{Q}) in a very restricted range that is strongly dependent on disorder. This enables extracting the localization length and the loss length. The corresponding data are plotted in Fig. 3(b) that were obtained by averaging over the full spectral range where Anderson-localized modes were observed, cf. Fig. 2(c) . We extract a localization length that increases with disorder from ξ = 6 µm to ξ = 24 µm, which is shorter than the sample length (L = 100 µm), thus confirming that the 1D criterion for Anderson localization is fulfilled. We note that the extinction length observed here, which is the total exponential decay length due to contributions from both loss and multiple scattering, is shorter than the extinction lengths measured through standard transmission measurements on samples without light emitters [7] . We attribute the difference to the fact that internal light sources can efficiently excite also strongly localized modes that are far away from the waveguide edge, which is much less efficient with an external light source as used in Ref. [7] . Quite remarkably, as we vary δ from 0% to 6%, we observe an increase in ξ of about a factor of four, showing that the strongest light confinement takes place in the photonic crystal waveguide when no intentional disorder is added. Unavoidable fabrication imperfections is therefore sufficient to reach the Anderson-localized regime and in fact trap light most efficiently, see Fig. 2(b) . The increase of the localization length with disorder is at first sight counterintuitive, since in general increasing the amount of disorder leads to stronger multiple scattering and presumably better localization. However, in a moderately disordered photonic crystal waveguide the DOS is modified near the cutoff of the waveguide mode [23] providing a method to actually control Anderson-localized modes since the localization length is linked to the ensemble-averaged DOS [7] . The broadening of the DOS increases with the amount of disorder and consequently the magnitude of the DOS is reduced. This picture is confirmed by the observation that the spectral range of Anderson-localized modes increases with disorder, see Fig. 2(c) . As a consequence also the total number of observed modes increases with disorder, see Fig. 2(b) . Below we will provide a more elaborate analysis where the loss length is distributed. The results from this more complete analysis (also shown in Fig. 3(b) ) indicate that the localization length in fact levels off for small δ and also predict an even shorter localization length than extracted from the model with a single loss length. The monotonous variation of the localization length with disorder is somewhat unexpected since the combination of order and disorder in photonic crystals could lead to an optimum degree of disorder where localization is most efficient [14, 24] . Our results indicate that finding this optimum may require samples with less disorder than the naturally occurring disorder in our current samples. Note that due to the finite statistics in the measurements, the localization length is obtained by averaging over wavelengths, and the above reported scaling with disorder could potentially be highly spectrally dependent. We believe that our data and analysis could inspire thorough numerical investigations of the localization length in disordered photonic crystal waveguides.
The localization length ξ determines the intrinsic ensemble-averaged decay length of the Anderson-localized modes due to confinement by multiple scattering, and is extracted only after accounting for loss processes as presented above. It is instructive also to investigate the directly measured spatial extent of the recorded photoluminescence while scanning along the waveguides, i.e. to extract the length z m that is illustrated in Fig. 1(b) . These data are plotted in Fig. 2(d) for a photonic crystal waveguide with δ = 3 %. We observe that z m varies strongly in the range between 1 µm and 18 µm. These results supplement the localization length measurements and confirm that the modes are indeed strongly localized. We emphasize that the localization length cannot be directly determined from the measurements of z m , since they represent farfield spectra of the photoluminescence obtained by probing at different spatial positions along the waveguide. The average spatial mode extension in general appears to be shorter than the localization length, i.e. we have z m = 3 µm compared to ξ = 10 µm in the case of δ = 3 %. This discrepancy also suggests that the actual localization length is shorter than the values derived from the method described above. Indeed, we assumed that a single loss length was sufficient to describe the out-of-plane scattering, which might be a too simplistic model [15] . Below we will go beyond this assumption by introducing a distribution of loss lengths and indeed in this case a shorter localization length is found.
The dependence of the average loss length on disorder as extracted in Fig. 3(a) is plotted in Fig. 3(c) . The loss length is found to decrease with disorder ranging from l = 700 µm for no intentional disorder to l = 400 µm for the largest degree of disorder. Such a behavior has been predicted recently for the role of out-of-plane scattering from the photonic crystal waveguide [15, 21] . The loss length is essential since it limits the highest achievable Q factor leading to a truncation of the distributions of Q factors displayed in Fig 2(a) . Efficient light-matter interaction requires a short localization length and a long loss length, i.e. the samples without engineered disorder are in fact most promising in that respect, as seen in Fig. 3(b) and (c) .
A more elaborate model of a disordered photonic crystal waveguide includes that individual localized modes have different out-of-plane scattering rates leading to a distribution of loss length. This distribution of loss rates has recently been investigated numerically [15] , however no explicit form has to our knowledge been obtained. We will assume this distribution to be log-normal. This choice is motivated by the fact that the light leakage is determined by the coupling between an Anderson-localized mode and all radiation modes. In the absence of radiation modes, the electric field of the localized modes would decay exponentially vertically out of the structure, and we can use a similar argument as for the in-plane Q factors. Assuming that the distribution of vertical decay lengths is Gaussian suggests a log-normal distribution for the overall loss length and consequently for Q l , see Eq. (2). The loss distribution is included in our model by integrating over the loss Q-factor distribution in Eq. (3), i.e.
where µ l and s l are the two parameters characterizing the log-normal distribution of the loss Q factor, p 3 (Q l |µ l , s l ). The total probability distribution, P (ξ, µ l , s l |{Q}), can subsequently be calculated in a similar way as explained above leading to Eq. (4). The computational power required to evaluate the multi-dimensional integrals in Eq. (5) is very demanding and it is therefore convenient to neglect the uncertainties in the experimentally measured Q factors, i.e.
The resultant Q factor distributions that correspond to the largest probability max(P (ξ, µ l , s l |{Q})) are shown in Fig. 2(a) . We observe an even better agreement between experiment and theory as compared to the model where an average loss length was used. The resulting localization lengths are plotted in Fig. 3(b) and found to increase with disorder. Interestingly the localization length extracted from this improved model is predicted to be shorter (varying from ξ = 3 µm to ξ = 16 µm), which supports our measurements of z m and recent theoretical studies [15] . The loss-length distribution is shown in Fig. 4 . The very wide distributions highlight the importance of extending the model with a distribution of loss lengths. From the distributions we also extract the average loss length Fig. 3(c) and found to decrease with disorder similarly to what was observed in the case of a single-loss length as described above. Thus, while a single-parameter loss length is sufficient to predict the correct trends in the localization length and average loss length, it appears essential to include a distribution of loss lengths in a more quantitative analysis. The presence of a distribution of loss lengths is a special property distinguishing disordered photonic crystals from, e.g., nondispersive waveguide geometries where a single loss parameter is sufficient [3] . Thus, the analysis underlines the complexity of disordered periodic structures where an interplay between order and disorder is responsible for light confinement.
Intensity probability distribution in the Anderson-localized regime
The fluctuations in the emitted light intensity provide important information of the statistical properties of Anderson localization. The measured intensity distributions are displayed in Fig. 5 for two different degrees of disorder showing the probability of finding a certain intensity I. The probability distributions have very long tails, i.e. very large intensity fluctuations are found for Anderson localization [3, 4, 6] . To obtain the intensity probability distribution, P (I/ I ), we measure the normalized spectral intensity, I(λ, z)/ I(z) , within the spectral range where the Anderson-localized modes appear. Here I(z) is the wavelength-averaged intensity at spatial position z. For a better signal to noise ratio we scan along the waveguide and extract from these data Figure 5 . Intensity probability distribution in the Anderson-localized regime. The measured intensity, I, is normalized to the average intensity, I , and the data are displayed for δ = 1 % (green dots, scaled by a factor of 100) and δ = 6 % (blue dots). The black curves represent the calculated intensity probability distributions, P (I/ I ) (see text). The calculated local DOS probability distributions, P (LDOS/ LDOS ), are plotted for the same set of parameters (red curves).
the total intensity probability distribution. In general, two distinct processes contribute to the observed intensity fluctuations. First, multiple scattering leads to a random interference pattern and second, multiple scattering causes fluctuations in the local DOS affecting the decay rates of the QDs. We emphasize that the latter contribution to the intensity fluctuations is only present when having light sources embedded in a multiple scattering medium, and have recently been observed experimentally in time-resolved experiments [9, 25, 26, 27] . The modifications in the local DOS give rise to changes in the intensity that may be pronounced when the QDs are pumped into saturation [16] .
The experimental data are compared to calculated intensity and local DOS probability distributions, see Fig. 5 that are obtained by determining the light emission from a point source in a 1D disordered medium using the dyadic Green's function formalism. The Green's function, G(z 0 , z, λ), describes the electric field at the position z emitted by a monochromatic point source at z 0 . Since the environment changes on a length scale much smaller than the excitation spot in the experiment a spatial average over one wavelength is carried out [28] , G(z 0 , z 0 , λ) = λ
G(z, z, λ)dz. Such a spatial average is needed in describing light emission from an ensemble of emitters, which is the case in the present experiment. The light intensity at the excitation spot for a single realization of disorder is proportional to | G(z 0 , z 0 , λ) | 2 while the local DOS is determined by the imaginary part of the Green's function evaluated at the position of the emitter, i.e.
( G(z 0 , z 0 , λ) ). In order to obtain a distribution to simulate the experimental data, we ensemble average over eight million different realizations of disorder applying the same model that we used to determine P (Q 0 ). The average outof-plane scattering loss is included in the imaginary part of the refractive indices, i.e. l = λ/(2 π (n)) and the calculations are carried out without any free parameters using the values of the localization length and loss length plotted in Fig. 3(b), (c) for the single-loss-parameter model. Figure 5 shows the comparison between the theoretical and the measured intensity distributions. The calculated intensity probability distribution is in good agreement with the experimental data for small intensities while deviations are observed in the tail of the distribution, in particular for large degrees of disorder. Comparing our data to the calculated local DOS distribution we find a surprisingly good agreement. We conclude that likely both the intensity fluctuations and the local DOS fluctuations contribute to the observed intensity speckle pattern. Quantitative agreement between experiment and theory would require a more elaborate theory of the photonic crystal waveguide than the one presented here taking into account the propagation of the light from the photonic crystal waveguide to the detector and the contribution of radiation modes to the local DOS.
Conclusion
In conclusion, we have presented a novel approach to probe statistical properties of Anderson localization in a disordered photonic crystal waveguide. Using ensembles of QD emitters distributed along the waveguide, Anderson-localized modes are very efficiently excited allowing to study the Q factor distributions and the intensity fluctuations. By analyzing the QD photoluminescence, we recorded a broad distribution of Q factors that is strongly dependent on the induced disorder, and can be explained by changes in the localization length and loss length. Comparing the experimental data with a 1D model for Anderson localization we determined the localization length and found a counterintuitive increase with the amount of disorder, which is attributed to the modified DOS of a photonic crystal waveguide prevailing in the presence of a moderate amount of disorder. We furthermore conclude that the loss of a disordered photonic crystal waveguide is distributed as well, significantly increasing the complexity of the 1D multiple scattering model used to extract universal parameters from the experimental data. The strong dependence of localization and loss length on disorder shows that Anderson localization in disordered photonic crystals is fundamentally different from the case of non-correlated disordered systems. These results possibly open a route to engineering of Anderson-localized modes by controlling the amount and type of disorder, which could significantly improve the performance of quantum electrodynamic experiments in random media [9] . Finally we recorded the intensity fluctuations of the photoluminescence signal and observed good agreement with our theoretical model using the extracted parameters from the Q factor distribution analysis. The consistency between the two independent set of measurements is an important check of validity of the applied approach proving that a 1D multiple scattering model very successfully describes the behavior of light transport in disordered photonic crystal waveguides.
